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Abstract. The periodic points of a morphism of good reduction for a smooth
projective curve with good reduction over Qp form a discrete set. This is used to
give an interpretation of the morphic height in terms of asymptotic properties of
periodic points, and a morphic analogue of Jensen’s formula.
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1. Introduction and Results
In this paper we study the behaviour of periodic points for a morphism
on a smooth curve over Qp, the algebraic closure of Qp, with p-adic
norm | · | normalized to have |p| = 1/p. Under a regularity condition,
we prove that the asymptotic distance of a given point to the periodic
points is equal to one in a suitable metric. This result generalises the
case of polynomial morphisms on the projective line in [4].
Let Op = {z ∈ Qp | |z| ≤ 1} be the ring of integers in Qp, with
maximal ideal p = {z ∈ Qp | |z| < 1}. Identify the quotient Op/p
with the algebraic closure Fp of Fp = Z/pZ. Let P
n(Qp) denote n-
dimensional projective space over Qp, and write X = (X0, . . . ,Xn) ∈
Q
n+1
p for the homogeneous coordinates of a point [X] ∈ P
n(Qp). It will
be useful always to choose the homogeneous coordinates to have
|X| = max{|X0|, . . . , |Xn|} = 1. (1)
Writing x = [X], y = [Y ], define a function on Pn(Qp) by
∆(x, y) = max
i,j
|XiYj −XjYi|. (2)
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2Then, just as in the one-dimensional case (see [3] for example), ∆ is a
metric. In this metric, projective space Pn(Qp) has diameter one. The
regularity property used here – good reduction – will be defined in the
next section.
A point x ∈ C is a fixed point for a map φ : C → C if φ(x) = x,
is a point of period n if φn(x) = x, and has least period n if the orbit
{x, φ(x), φ2(x), . . .} has cardinality n.
THEOREM 1. Let C ⊆ Pn(Qp) be an irreducible smooth curve with
good reduction, and let φ : C → C be a morphism of good reduction
with degree d > 1. Then for every point x ∈ C there is a constant κx
with
∆(x, y) ≥ (κx|n|)
1/n
for any φ-periodic point y with least period n.
COROLLARY 2. For every point x ∈ C, and every r < 1, the number
of points y ∈ C that are periodic under φ and satisfy ∆(x, y) < r is
finite.
The Riemann–Hurwitz formula [5, Sect. IV.2] shows that
(2− 2g)(d − 1) ≥ 0
where g is the genus of the curve C, since the ramification divisor of
φ is non-negative. In particular, the hypothesis of Theorem 1 implies
that C has genus 0 or 1.
In the case of the projective line C = P1(Qp) there are infinitely
many periodic points (see [1, Theorem 6.2.2]; it is enough to prove this
over any field). The proof of Theorem 1 simplifies in this case. If the
point at infinity of the projective line is fixed by φ, then the periodic
points of the morphism are related to the morphic height associated to
φ (cf. Theorem 3 below; the morphic height is defined in [3]).
A rational function φ has good reduction modulo p if it can be
written in homogeneous coordinates in the form
φ(X,Y ) = (F (X,Y ), G(X,Y )) with F,G ∈ Op[X,Y ]
where F and G have no common root modulo p (see [2], [3] and [13]).
Write λφ,p for the local morphic height (sometimes called the canonical
local height in the literature) as defined in [3].
THEOREM 3. Let φ : P1(Qp)→ P
1(Qp) be a rational function of good
reduction and degree d > 1. Assume that the point (0, 1) at infinity is
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3fixed under φ. Fix a point x ∈ Qp, and a sequence yn ∈ Qp of points of
least period n under φ. Then
|x− yn|
max(1, |x|)max(1, |yn|)
→ 1 for n→∞.
Moreover,
log |x− yn| → λφ,p(x) = log
+ |x|p
and, if x is not a periodic point, then
1
dn
log |fn(x)− xgn(x)| → λφ,p(x) = log
+ |x|
where φn = fngn , so fn(t) − tgn(t) is the polynomial whose roots are
exactly the periodic points of period n.
Notice that there are infinitely many points whose least period ex-
ceeds 1 (cf. Remark 6). Theorem 3 is a morphic analogue of Jensen’s
classical formula (see Section 3). Finally we should point out that a
paper of Lubin [10] contains results closely related to those presented
here, and Hua–Chieh Li has made an extensive study [7], [8], [9], of
periodic points for p-adic power series, mainly aimed at counting the
points of given period.
2. Proofs of theorems
In this section we prove Theorems 1 and 3 assuming some results on
good reduction curves and uniformizers that will be proved later. Recall
that X = (X1, . . . ,Xn) always denotes the homogeneous coordinates
of a point x = [X] ∈ C chosen so that Equation (1) holds.
Let π : Pn(Qp)→ P
n(Fp) be the reduction map, defined by
π(x) = [X0 + p,X1 + p, . . . ,Xn + p],
which is well-defined by (1). Let C be an irreducible projective curve
in Pn(Qp), with ideal of relations I = I(C). Let J = I ∩Op[T0, . . . , Tn]
be generated by the forms f1, . . . , ft. Fix a point y ∈ C, and assume
without loss of generality that Y0 6= 0. The curve is non-singular at y if
rank
(
∂gi
∂Uj
(y)
)
i,j
= n− 1, (3)
where gi(U1, . . . , Un) = fi(1, U1, . . . , Un). The curve C is smooth if it is
non-singular at every point.
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4Define J = J mod p ⊂ Fp[T0, . . . , Tn], and let C ⊂ P
n(Fp) be the
variety defined by the ideal J (which of course may not in general
coincide with the ideal of relations of the algebraic set C). The curve
C has good reduction if (3) holds mod p for every y¯ ∈ C. From now on
we will assume that the curve C is smooth with good reduction.
The metric (2) on an integral affine piece simplifies as follows: for
x = [X], y = [Y ] ∈ Pn(Qp) with X0 = 1, Y0 = 1 and Xi, Yi ∈ Op,
∆(x, y) = max
i
|Yi −Xi|.
A rational function f = F/G on C is defined by two forms F and G
in Qp[T0, . . . , Tn] of the same degree with G /∈ I(C). A rational function
is regular at x ∈ C if there are two forms F ′, G′ with G′(X) 6= 0 and
FG′ − F ′G ∈ I (in other words f = F ′/G′). Moreover, f is regular at
x¯ ∈ C ⊆ Pn(Fp) if there are two forms F
′, G′ ∈ Op[T0, . . . , Tn] such
that G′(X¯) 6= 0, FG′ − F ′G ∈ I, and X¯ ∈ F
n+1
p is a homogeneous
coordinate of x¯. In that case f = F/G defines a rational function on C
which is regular at x¯ ∈ C.
A uniformizer of C at x ∈ C is a rational function z which is regular
at x, such that the vector ( ∂z∂Ui )i is not in the image of the matrix in
(3).
PROPOSITION 9 (cf. Section 4.) Fix a point x ∈ C. Then there exists
a uniformizer z of C at x such that z is regular at π(x) and z is a
uniformizer at π(x). The restriction z : U → p of z to U = {y ∈ C |
∆(y, x) < 1} is a bijection and its inverse, in each affine coordinate,
is a convergent power series with coefficients in Op. Hence ∆(y, y
′) =
|z(y)− z(y′)| for all y, y′ ∈ U .
For example, if the curve is P1(Qp) and X = (1, 0), one may choose
z(y) = Y1Y0 for the uniformizer in Proposition 9.
Now let φ : C → C be a morphism, defined by forms
(F0, . . . , Fn) ∈ Qp[T0, . . . , Tn]
n+1
of the same degree, with Fj /∈ I(C) for some j. Since φ is a map from
C to C, f(F0, . . . , Fn) ∈ I(C) for every f ∈ I(C). In order for φ to be
defined on all of C, at each x = [X] ∈ C there must be a representation
(G0, . . . , Gn) ∈ Qp[T0, . . . , Tn]
n+1 (4)
of the morphism, with
FiGj − FjGi ∈ I(C) for 0 ≤ i, j ≤ n (5)
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5and
(G0(X), . . . , Gn(X)) 6= (0, . . . , 0). (6)
Here (5) means that the forms (G0, . . . , Gn) define the same map as
the forms (F0, . . . , Fn) do, and (6) means that φ is well defined at x.
The morphism φ : C → C has good reduction if for every x¯ ∈ C,
there is a representation
(G0, . . . , Gn) ∈ Op[T0, . . . , Tn]
n+1
of φ satisfying (5) such that
(G0(X¯), . . . , Gn(X¯)) /∈ p
n+1.
Here pn+1 denotes the (n + 1)-fold Cartesian product of p and X¯ is a
homogeneous coordinate for x¯ ∈ C ⊆ F
n+1
p .
In the case of C = P1(Qp), there exists a canonical representation
(F0, F1) satisfying (6) for all x ∈ P
1(Qp). We can assume that F0, F1 ∈
Op[T0, T1] and at least one of the two polynomials has a coefficient in
O×p . Then the morphism φ has good reduction if and only if the two
forms F0, F1 do not have a common zero on P
1(Fp) – they define a
rational function on P1(Fp).
REMARK 4. A morphism φ : C → C has good reduction in the above
sense if and only if it extends to a morphism over the scheme Spec(Op).
From now on we will assume that φ is a morphism of good reduction.
Let K denote the field of rational functions on C. The degree of the
morphism φ is defined as the degree of the field extension [K : φ∗(K)],
where
φ∗ : K → K
f 7→ f ◦ φ
is the map induced by φ. Alternatively, one can define the degree as the
common number of pre-images (counted with multiplicities) of points
under the map φ.
In the case of a rational function φ on P1(Qp) this is again obvious
since the degree d of φ coincides with the degree of the forms in the
canonical representation (F0, F1).
COROLLARY 11 (cf. Section 4.) Let φ : C → C be a morphism of
good reduction, and let x ∈ C be a fixed point. Then there exists a
uniformizer z, also satisfying Proposition 9, such that
φ∗z = z ◦ φ =
∞∑
i=1
aiz
i with ai ∈ Op.
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6Again if C = P1(Qp) and φ is a rational function on P
1(Qp) with
good reduction, it is easy to see that Corollary 11 holds: Assume X =
(1, 0), then z(y) = Y1Y0 is a uniformizer at x, and
φ∗z(y) =
F1(Y )
F0(Y )
.
Since x is a fixed point, F1(X) = 0 and F0(X) 6= 0. Moreover, φ
has good reduction and therefore F0(X) /∈ p. Changing to the affine
coordinate z, write φ∗z = f1(z)f0(z) with f1(0) = 0 and |f0(0)| = 1. Since
the constant term of f0 is a unit in Op, the polynomial f0 is a unit in
Op[[z]]. So the rational function φ
∗z ∈ Op[[z]] satisfies Corollary 11.
LEMMA 5. Let f(z) =
∑
∞
i=1 aiz
i be a power series with coefficients
ai ∈ Op. Then, for any n > 1,
fn(z) = an1z + z
2gn,
where gn ∈ Op[[z]]. Assume now that a1 = 1 and let e be the first index
e > 1 with ae 6= 0, so that f(z) = z+ z
eg for some g ∈ Op[[z]]. For any
n > 1 there exists a power series hn ∈ Op[[z]] with
fn(z) = z + nzeg + z2e−1hn.
This may be seen by a simple induction argument. For the proof of
the second statement, notice that g(z + zeF (z)) = g(z) + zeG(z) for
some G depending on g and F .
REMARK 6. Some rather general properties of periodic points in the
setting are needed later and assembled here.
1. The second statement in Lemma 5 can be used to show that if a
point x is a multiple root of fn(z) − z = 0, then it is never a
higher multiplicity root of any other equation of the form fm(z)−
z = 0 (notice this is only true for multiplicity two or higher). In
particular, if x ∈ C is a point of period n for φ with multiplicity two
or higher, then that multiplicity cannot increase when x is viewed
as a point with period m > n.
2. If the curve is P1(Qp) then many of the roots of φ
n(z) − z = 0
are genuine points with least period n, and in particular there are
infinitely many points whose least period exceeds any given number.
3. Any map for which the number of points of period n grows expo-
nentially fast will have the same exponential rate of growth in the
number of points of least period n (cf. [12]).
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7LEMMA 7. Let f(z) =
∑
∞
i=1 aiz
i be a power series with coefficients
ai ∈ Op such that |a1 − 1| < p
−1/(p−1). Then every periodic point y ∈
p \ {0} of f of least period n ≥ 1 satisfies
|y| ≥ (κ|n|)1/n,
where the constant κ > 0 does not depend on n.
Proof. The assumptions on f imply that |f(y)| ≤ |y| for any y ∈ p.
So if y ∈ p is a periodic point of least period n, then the points y1 =
y, y2 = f(y), . . . , yn = f
n(y) along the orbit of y all have the same
norm.
Suppose first that a1 6= 1. From the p-adic logarithm (see [6, Sect. IV.1])
it follows that for every integer n ≥ 1, |an1 − 1| ≥ κ|n|, where κ =
| logp a1|. Consider the power series
Fn(z) = f
n(z)− z =
∞∑
i=1
biz
i ∈ Op[[z]]; (7)
the first nontrivial term for this series is b1 = a
n
1 − 1. If y is a periodic
point in p \ {0} of least period n, then all the points yi on the orbit
of y are roots of the equation Fn(z) = 0. From the usual Newton
polygon arguments (see for example [6, Sect. IV.4]) we see that log |y| =
log |yi| < 0 equals one of the slopes of the Newton polygon of F , say
the slope between the points Pk and Pℓ defined by the coefficients bk
and bℓ with k < ℓ (cf. Figure 1). Since ℓ − k is exactly the number
r
❍
❍
❍
❍
❍
❍r
P
P
P
P
P
P
P
PPr✏
✏
✏
✏
✏✏
P1
P2
r
P3
P5
r
P6
Figure 1. The Newton polygon of F is defined by the points Pi = (i,− log |bi|). The
slopes determine the norms of the roots.
of roots whose norm equals the slope, we get ℓ − k ≥ n. Furthermore
|b1| ≤ |bk|, because otherwise the point defined by bk is higher in the
Newton polygon and the slope between the points Pk and Pℓ is positive
– contradicting |y| < 1. Furthermore, |bℓ| ≤ 1 and
log |b1|
n
≤
log |b1| − 0
ℓ− k
≤
log |bk| − log |bℓ|
ℓ− k
= log |y|.
Together with the estimate on b1 = a
n
1 − 1, this proves the lemma in
the case a1 6= 1.
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8If a1 = 1, choose κ = |be|, where be is the first non-zero coefficient
in (7), use the second equation in Lemma 5, and deduce in a similar
fashion the same inequality.
We are grateful to a referee for pointing out that the condition
|a1 − 1| < p
−1/(p−1)
in the hypotheses of Lemma 7 can be removed entirely by arguing as
follows. Let m ≥ 1 be the smallest integer with |am1 − 1| < p
−1/(p−1). If
am1 6= 1, then choose κ = | logp(a
m
1 )|. For n ≥ 1,
|an1 − 1| ≥ |a
mn/d
1 − 1| ≥ κ|n/d| ≥ κ|n|
where d = gcd(m,n); the second inequality being arrived at as in the
proof above. If am1 = 1, then choose κ = |am,e|, where am,e is the
coefficient of ze in the expansion of Fm(z) = f
m(z)−z and e ≥ 2 is the
smallest integer for which this is non-zero. Let be be the coefficient of the
ze term of Fmn/d (d = gcd(m,n) as before). By Lemma 7, be =
n
dam,e,
so |be| ≥ κ|n|. The equation Fmn/d(z) = 0 has at least n distinct roots
of norm |y| for any point y with least period n under φ; the rest of the
argument proceeds as before.
Proof of Theorem 1. We begin the proof with the case where x itself
is a periodic point. Clearly every periodic point for φ is also a periodic
point for a power of φ. So it is enough to consider the case where x is
a fixed point.
By Proposition 9 and Corollary 11 the action of φ in the open unit
disk U with centre x with respect to the metric ∆ is conjugate to the
action of a power series f(z) =
∑
∞
i=1 aiz
i on p. If |a1| < 1, then it is
easy to see that |f(y)| < |y| for any y ∈ p \ {0}. So there cannot be
any periodic points in p other than 0. For φ this means that there is
no periodic point y ∈ C with ∆(y, x) < 1.
Assume now |a1| = 1. Then, for some n, |a
n
1 − 1| < 1/p. As before,
without loss of generality replace φ by φn and assume |a1 − 1| < 1/p.
Lemma 7 shows that there are only finitely many periodic points y ∈ p
for f with |y| < r. This shows the theorem for periodic points.
Assume now x is an arbitrary point. If there is no periodic point
y with ∆(x, y) < 1, the statement is trivial. So assume that for some
periodic point y, R = ∆(x, y) < 1. By the above we know ∆(y, y′) < r
holds for only finitely many periodic points y′. If R < r < 1, then the
ultrametric inequality shows that the discs around the centre points x
resp. y with radius r agree; the theorem follows.
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9Proof of Theorem 3. The first statement simply specializes Theo-
rem 1. For the second, notice that Theorem 1 applied to the point at
infinity implies that log+ |yn| → 0, so log |x − yn| − log
+ |x| → 0. The
third follows by factorizing the polynomial fn(t) − tgn(t) and noting
that many roots of fn(t)− tgn(t) = 0 are points with least period n (cf.
Remark 6).
3. Examples
In this section, we are going to present several examples to exhibit our
main conclusions. The first example explains the earlier remark that
Theorem 3 is a version of Jensen’s Formula.
3.1. Jensen’s formula and squaring
Assume that p > 2 and let f(z) = z2. This map gives rise to a good
reduction morphism on P1(Qp) with degree 2. Theorem 3 shows that
lim
n→∞
2−n
∑
ζ2n=ζ
log |ζ − x|p = log
+ |x|p.
Working over C instead of Qp the sum on the left would tend to the in-
tegral over the unit circle, and the statement would be exactly Jensen’s
Formula. For more details on this point of view, see [4].
3.2. Local height on an elliptic curve
Let a and b denote elements of Qp with the property that 4a
3 + 27b2
does not reduce to zero. For p > 2, the morphism of degree 4 on P1(Qp)
defined by
f(X,Y ) =
(
X4 − 2aX2Y 2 − 8bXY 3 + a2Y 4, 4Y (X3 + aXY 2 + bY 3)
)
has good reduction at p. If the underlying elliptic curve
y2 = x3 + ax+ b
is in minimal form at the prime p, then our results show that the (un-
normalized) local height of the pointQ = (x(Q), y(Q)) can be expressed
as a limit
lim
n→∞
4−n
∑
2nP=0
log |x(P )− x(Q)|p.
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This example comes about from the duplication map on the elliptic
curve. The reduction condition guarantees that the elliptic curve has
non-singular reduction, and the condition p > 2 guarantees that the
duplication morphism has good reduction. This can all be generalized
to the multiplication by m map, and we can also handle the case of an
elliptic curve embedded in projective space in a non-trivial way.
3.3. Segre embedding
Let E denote an elliptic curve defined over Qp with non-singular reduc-
tion. Initially, think of E embedded in P2(Qp). For any positive integers
k and ℓ, map the curve kE×ℓE to P8(Qp) via the Segre embedding (this
means we map E → E×E using the map P 7→ (kP, ℓP ) ∈ P2×P2 and
then embed the image in P8 via the Segre embedding; if gcd(k, ℓ) = 1
this is an embedding of E). The map Q 7→ mQ, where m is co-prime
to p, induces a morphism on this curve to which Theorem 1 applies.
Notice that this is not essentially different to Section 3.2, but gives
an example of how curves can occur in higher-dimensional projective
space.
4. Background results on the curve and the morphism
Let C ⊆ Pn(Qp) be an irreducible projective smooth curve with good
reduction. For x ∈ C, the ring of regular functions at x is defined by
Ox = {f | f is a rational regular function on C at x}.
For π(x) ∈ C, define similarly
Oπ(x) = {f | f is a rational regular function on C at π(x)}.
Notice that these two rings have quite different properties. For instance,
for x ∈ C, Ox is an algebra over Qp, and
〈0〉 ⊆ {f ∈ Ox | f(x) = 0}
is a maximal chain of prime ideals in Ox. On the other hand, Oπ(x) is
an algebra over Op, and
〈0〉 ⊆ {f ∈ Oπ(x) | f(x) = 0} ⊆ {f ∈ Oπ(x) | |f(x)| < 1}
is a maximal chain of prime ideals in Oπ(x). Hence, the Krull dimension
of Ox is equal to 1, while that of Oπ(x) is equal to 2.
scheme5.tex; 20/11/2018; 1:13; p.10
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PROPOSITION 8. Let x ∈ C. Any function z ∈ Oπ(x) which van-
ishes at x, and maps modulo p to a uniformizer z at π(x) for C, is a
uniformizer at x for C. If f ∈ Oπ(x) vanishes at x, then there exists
g ∈ Oπ(x) such that f = zg. The local power series
f(z) =
∞∑
i=0
aiz
i
satisfies ai ∈ Op. Let y ∈ C with ∆(x, y) < 1, then
f(y) =
∞∑
i=0
aiz(y)
i. (8)
Proof. Let x = [X] ∈ C, z ∈ Oπ(x) be as in the statement of
Proposition 8. Assume that X0 = 1, and work in affine coordinates.
Let
I0 ⊆ Qp[U1, . . . , Un] and J0 = I0 ∩Op[U1, . . . , Un]
be the affine ideals corresponding to the homogeneous ideals I and J .
Let
mx = 〈U1 −X1, . . . , Un −Xn〉 ⊆ Qp[U1, . . . , Un]
be the maximal ideal at x, and define a map
θ : mx/m
2
x → Q
n
p
by
θ(f) =
(
∂f
∂U1
(X), . . . ,
∂f
∂Un
(X)
)
.
This is an isomorphism between mx/m
2
x and Q
n
p . Since C is smooth
with good reduction,
dim(θ(J0) + p
n) = n− 1, (9)
where pn as before is the n-fold Cartesian product of p. Let
w1, . . . , wn−1 ∈ θ(J0)
and wn = θ(z) ∈ O
n
p be elements such that w1+p, . . . , wn+p are linearly
independent over Fp. Then w1, . . . , wn ∈ O
n
p are linearly independent,
and the determinant of the matrix formed by those vectors is a unit in
Op. Write v ∈ θ(J0) as a linear combination v =
∑n
i=1 aiwi with ai ∈
Op. Since w1, . . . , wn−1, v ∈ θ(J0) we must have an = 0, for otherwise
θ(I0) = Qpθ(J0) would be n-dimensional, contradicting the fact that
C is a curve for which the rank condition (3) holds. This shows that
w1, . . . , wn−1 is a basis for θ(J0) over Op. Therefore θ(z) /∈ θ(I0), and
z is a uniformizer at x ∈ C.
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Now define the ideal
q = {f ∈ Oπ(x) : f(x) = 0} ⊆ Oπ(x).
For any f ∈ q, there exists a ∈ Op such that θ(f)−aθ(z) ∈ θ(J0). Since
f − az = hg is a rational function which is regular at π(x) we see that
h(x) = 0 and so θ(h) = 0 by the product formula for derivatives. It
follows that h ∈ q2, so
f − az ∈ q2
and therefore
q = Oπ(x)z + q
2.
Using Nakayama’s Lemma [11, Th. 2.2] this shows that
q = Oπ(x)z, (10)
which is the first statement of the proposition.
For any f ∈ Oπ(x) we can now find a0 ∈ Op such that f − a0 ∈ q.
By (10) there exists f1 ∈ Oπ(x) with f − a0 = f1z. For f1 we can find
a1 ∈ Op and f2 ∈ Oπ(x) with f1 − a1 = f2z, and therefore
f − (a0 + a1z) = f2z
2.
Continuing like this gives sequences ai ∈ Op and fi ∈ Oπ(x) such that
f −
n∑
i=0
aiz
i = fn+1z
n+1. (11)
Let y ∈ C with ∆(x, y) < 1, then π(x) = π(y) and |z(y)| = q < 1.
Equation (11) shows that
∣∣∣f(y)− n∑
i=0
aiz(y)
i
∣∣∣ ≤ q−(n+1),
which concludes the proof.
PROPOSITION 9. Fix a point x ∈ C. There exists a uniformizer z of
C at x such that z is regular at π(x) and z is a uniformizer at π(x). The
restriction z : U → p of z to U = {y ∈ C | ∆(y, x) < 1} is a bijection
and its inverse is, in each affine coordinate, a convergent power series
with coefficients in Op. Hence ∆(y, y
′) = |z(y)−z(y′)| for all y, y′ ∈ U .
Proof. Choose z as in Proposition 8. Assume X0 = 1 and work in
the corresponding affine piece. The function z ∈ Oπ(x) which vanishes
at x maps U into p and all the affine coordinate projections Ui : C →
Qp ∪ {∞} are elements of Oπ(x). Applying Proposition 8 concludes the
proof.
Finally, some information about the morphism is needed.
scheme5.tex; 20/11/2018; 1:13; p.12
13
PROPOSITION 10. Let C be an irreducible projective smooth curve
with good reduction. Let φ : C → Pm(Qp) be a morphism of good
reduction and x ∈ C. Then φ induces a map
φ∗ : Oπ(φ(x)) → Oπ(x)
φ∗(f) = f ◦ φ
Proof. By the definition of good reduction for maps, there are forms
F0, . . . , Fm such that φ is represented by (F0, . . . , Fm) and for a homo-
geneous coordinate X for x
|X| = 1 = |F0(X), . . . , Fm(X)|.
Let FG ∈ Oπ(φ(x)) be chosen so that the homogeneous coordinate Y =
(F0(X), . . . , Fm(X)) of the point y = φ(x) satisfies |G(Y )| = 1. Then
φ∗z =
F (F0, . . . , Fm)
G(F0, . . . , Fm)
=
F ∗
G∗
with |G∗(X)| = 1, which means that φ∗
(
F
G
)
∈ Oπ(x).
Proposition 8 and Proposition 10 together yield the next corollary.
COROLLARY 11. Let φ : C → C be a morphism of good reduction,
and let x ∈ C be a fixed point. Then there exists a uniformizer z, also
satisfying Proposition 9, such that
φ∗z = z ◦ φ =
∞∑
i=1
aiz
i with ai ∈ Op.
This completes the proof of the tools required for Theorem 1.
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